We study the extensions of teleparallism in the Kaluza-Klein (KK) scenario by writing the analogous form to the torsion scalar T NGR in terms of the corresponding antisymmetric tensors, given For the conformal invariant models with 2a + b = 0, we find that only the anti-symmetric tensor field is allowed rather than the symmetric one.
I. INTRODUCTION
The well-known five-dimension gravity theory is called the Kaluza-Klein (KK) theory [1, 2] with the concept of unifying electromagnetic and gravitational forces in the high dimensional spacetime. The fifth dimension is regarded as a circle S 1 under the spontaneous compactification, where the full spacetime manifold is a product manifold M 4 × S 1 . The scalar-tensor theories can be induced by the KK reduction of the effective theories [3, 4] .
The alternative gravitational theory under the absolutely parallelism was originally proposed by Einstein [5] , in which the connection is constructed by the commutation coefficients and the Lagrangian would lead to the symmetric equations of motion [6] . Nowadays, we recognize that the geometry is the Weitzenböck geometry T 4 and the corresponding gravitational theory is called teleparallel equivalent to general relativity (TEGR). New General Relativity (NGR) was presented by Hayashi and Shirafuji [7] , which is one of the generalizations in teleparallelism with the equivalence outcome as general relativity (GR). In NGR, the torsion scalar is given by
where the torsion tensor is defined by the Weitzenböck connection and the coefficients a, b and c are arbitrary. In particular, the torsion scalar denoted by T is given by (a, b, c) =
(1/4, 1/2, −1) for TEGR. The choices of the coefficients have been explored in the literature [7] [8] [9] [10] [11] [12] . Recently, several specific extensions in teleparallelism have been investigated, such as models with the teleparallel dark energy [13] and f (T ) [14, 15] .
Teleparallelism in the KK scenario has been discussed in [16] [17] [18] [19] [20] [21] . In this study, we consider the high dimensional gravity theory based on the analogous form to (1.1) in the four dimensional NGR theory. It is known that (1.1) in NGR provides a much richer structure than those in TEGR and GR due to the arbitrariness of the coefficients. Under the KK reduction, the effective Lagrangian will contain new couplings associated with some combinations of the coefficients. We will build the conformal invariant models in teleparallelism and examine the constraints on these new couplings This paper is organized as follows. In Sec. II, we first introduce the NGR gravity theory on the Weitzenböck geometry in four dimensions and then extend it to a higher dimension.
By following the KK reduction procedure, we obtain the effective Lagrangian in the fourdimensional spacetime. In Sec. III, we present some specific models with the conformal transformations for the zero modes in the effective Lagrangians. We study the conditions for having the theory in the Einstein-frame and with the conformal invariant, respectively.
In Sec. IV, we analyze the weak field approximation of the four-dimensional effective theory and discuss the cases in the conformal invariant models. Finally, we give the conclusions in Sec. V.
II. KALUZA-KLEIN REDUCTION IN TELEPARALLELISM
A. The Weitzenböck Background
In the four-dimensional Weitzenböck geometry T 4 , the orthonormal coframe ϑ i = e . Consequently, the torsion scalar for TEGR can be written as the form in (1.1) in the coordinate frame, or
in the orthonormal frame with (a, b, c) = (1/4, 1/2, −1). Subsequently, the torsion scalar can be rewritten as
where
The integration of the torsion scalar
yields the gravitational action equivalent to GR up to the divergence, so-called TEGR, where κ = 8π G is the gravitational coupling and e ≡ det(e i µ ). The generalization of TEGR can be realized by using the arbitrary coefficients (a, b, c) instead of (1/4, 1/2, −1) in (1.1) and (2.1). In NGR, the Lagrangian density in the orthonormal frame is given by (2.1) without specific values for (a, b, c), which can be reformulated to be
In the five-dimensional Weitzenböck geometry T 5 , the metric is given byḡ M N =η IJ e 
In the Kaluza-Klein theory, we take the five-dimensional spacetime to be a product manifold T 5 = T 4 ×S 1 with the fifth dimension compactifying to S 1 and the five-dimensional metricḡ in the coordinate frame as
whereḡ µν , A µ and φ depend on x µ and y coordinates, and the constant κ has a mass dimension of [κ] = −1. The corresponding coframes in T 5 arē
with y ≡ x 5 . From (2.7a) and (2.7b), we have the inverse relation
The components of the torsion tensor in the orthonormal frame are obtained bȳ
9b)
, which are four-dimensional quantities without involving the fifth component.
, can be shown in a similar way as (2.4). In particular, the five-dimensional extended torsion scalar is given by
We decompose the contraction of the fifth component part from the extended torsion scalar, expressed as 11) where the torsion scalarT NGR is in the five-dimensional geometric form, constructed byT i jk in (2.9a). According to (2.9), we can write down 8 terms for each extended five-dimensional torsion scalar (2.11), as shown in Appendix A.
One can consider the n-mode harmonic expansions with the fifth dimensional radius r for e i µ , A µ and φ, given by
respectively. We specify the physical gravitational fields as the metric tensor with the harmonic expansion of the form g µν (x, y) = n g (n)
µν (x) e iny/r . Similarly, the harmonic expansion of e µ i is defined by e µ i (x, y) = n e µ(n) i (x) e −iny/2r in order to satisfy the orthonormality relation. The mass squared n 2 /r 2 will be generated by the derivative respect to the y coordinate.
The action of the zeroth KK mode (n = 0) in the four-dimensional effective extended gravity in teleparallism can be written as µ , which can be identified as the electromagnetic field, while the associated Noether current density is J (0)
Note that in the case of the five-dimensional TEGR theory, the action (2.13) with (a, b, c) = (1/4, 1/2, −1) can be reduced to those in [16] and [20, 21] with φ (0) = 1 and
We now add the matter Lagrangian
into the effective action (2.13), where D M is the covariant derivative of the matter field Ψ. The n-mode harmonic expansion of Ψ is given by
14)
The term D 5 Ψ will produce the KK mass terms for the Ψ field. For the massless zero mode, the matter field Ψ (0) is assumed to be localized on the T 4 hypersurface. After the KK reduction, the effective matter Lagrangian becomes
Without confusion, we shall drop all the superscript (0) in our discussion for the fourdimensional effective theory. We can vary the full action S = S g + S m with respect to e i µ , A µ and φ, resulting in
respectively, whereˆ := (1/e)∂ ν (eg µν ∂ µ ) and Θ
is the dynamical energy-momentum tensor with L m := eL m .
III. SPECIFIC MODELS
We now concentrate on the four-dimensional effective theory in (2.13). With the conformal transformations of the metric tensor and frame fields to be g µν = Ω
2 (x) g µν and
µ , respectively, the corresponding matter Lagrangian is given by
where e = Ω −4 e. In the 4-dimensional spacetime, we have the conformal transformations
for the torsion tensor and vector, respectively. By extending the transformations to the torsion scalar of NGR, we obtain
In Appendix B, we show the formulas of the D-dimensional conformal transformation for the torsion tensor.
For the massless scalar field φ, the conformal transformation is φ = Ω λ φ φ with the conformal weight parameter λ φ . On the other hand, one has A µ = A µ and F µν = F µν for the vector field and field strength, which are independent of the metric, respectively. Finally, the conformal transformed effective Lagrangian is found to be
Due to the undetermined coefficients (a, b, c), we would examine the necessary conditions for having the Einstein-frame as well as conformal invariant models. By taking λ φ = −2 with the conformal scalar ω := ln Ω, the Lagrangian (3.4) becomes
In general, the Einstein-frame does not exist for the non-minimal torsion scalar φT NGR due to the non-minimal coupling g µν T µ (Ω ∂ ν Ω) generated in (3.3), which is different from the transformation of the curvature scalar in GR. In order to transform the effective action (2.13) from the Jordan-frame to Einstein-frame, we only focus on the gravitational part and choose φ = Ω −2 φ = 1. If the coefficients in (3.5) satisfy the condition
the Einstein-frame is obtained by eliminating the term g µν T µ ∂ ν ω. As a result, the Lagrangian in (2.13) is reduced to
In the corresponding Einstein-frame, it reads as
where ϕ := 6/κ 4 ω, As seen from (3.8), to avoid the ghost field, one has an additional condition c ≤ 0. As a result, the conditions 2a + b + c = 0 and c ≤ 0 (3.9)
are needed to have the Einstein-frame. For a simple choice of c = −1, one gets the minimal coupled one-parameter family model with 2a + b = 1 in teleparallelism [7, 10, 11] .
We note that the coefficients (a, b, c) = (1/4, 1/2, −1) satisfy (3.6), which reduce (3.7)
to be the case of TEGR in the KK theory with the gauge field A µ , whereas that for the Lagrangian (3.8) of TEGR in the Einstein-frame without A µ has been presented in [21] .
B. Conformal Invariant
It is apparent that (3.4) or (3.5) is not conformal invariant in the presence of the vector field A µ . For the case without A µ , from (3.5) we obtain the requirements of a conformal invariant theory by only keeping the terms of φ −1 g µν ∂ µ φ ∂ ν φ and g µν T µ ∂ ν φ, given by 4a + 2b + 2c = 0 , (3.10a)
The solution for (3.10) is 2a + b = 0 and c = 0 (3.11) corresponding to the simple one-parameter conformal invariant gravity in teleparallelism.
The action is given by
where φ is the auxiliary field, which can be identified as the varying Newton's constant. For the variation with respect to the frame fields e i µ , we get the gravitational equation of motion.
Furthermore, the equation of motion of φ leads to the constraint
In a pure gravity theory, (3.14) yields (i) T ijk = 0 or (ii) T ijk = 2 T kji . Note that (i) is the torsion-free case, which is forbidden due to no gravity. For (ii), it implies that T iik = 2T kii = 0, which contains no torsion vector mode, so that the equation of motion (3.13) reads
On the other hand, if we assume that ω = ω(φ), under the conformal transformation, φ could be expressed as the function φ(φ), as long as det(d φ/dφ) exists. Subsequently, we can have φ( φ) by the inverse function theorem, resulting in ω( φ)
the Lagrangian density (3.5) without A µ reads 
C. Weyl Gauge Invariant
In this subsection, we would like to discuss the gauge theory in which the gauge field would be introduced from the covariant derivative of the scalar filed φ. According to (2.13) without the A µ field, the Lagrangian can be rewritten as The torsion vector T µ in (3.19) can be identified as the gauge field under the gauge principle for the conformal/Weyl transformation. Under the transformations 
and we can define 
where we have used the relation
where the covariant derivative for φ is given by * ∇
which has the same form as φ under the transformation, given
µ φ. Clearly, (3.30) describes a conformal invariant theory. This can be identified as the Weyl gauge theory on the Weyl-Cartan geometry Y 4 [22] [23] [24] .
We note that the ghost-free condition 2a + b + c = 0 is not considered here due to the vanished kinetic term of φ. It can be found that the conformal invariant theory Hayashi and Shirafuji [7] 2a
Static isotropic metric in Scherrer [8] Hehl et al. [10] Nitsch and Hehl [11] 2a + b + c = 0, (a, b, c) = ( parameter k ′ for the scalar kinetic term is introduced, resulting in a four-parameters model.
In our discussion, the coefficient of the kinetic term of φ is 2a + b + c so that the conformal invariant theory is totally determined by three parameters only.
IV. WEAK FIELD APPROXIMATION
If we define a canonical field Φ := φ/κ 4 , the action (2.13) with matter can be written
In the weak field approximation, the frame field is given by e 
We expand the geometric part in the Lagrangian (4.1) and keep terms only in the lowest order:
where To simplify our calculation, we take that the variation of matter to be δL m = (−1/2) T µν δh µν with T µν := −2δL m /δh µν . Due to h µν = (1/2)γ µν + a µν , we define the energy-momentum tensors respect to γ µν and a µν are T −2δL m /δa µν , respectively. The corresponding equations of motion of (4.2) for γ µν , a µν , A µ and Φ are given by
respectively, where := η µν ∂ µ ∂ ν .
We now consider the conformal invariant model with the conditions in (3.21) and (3.22) .
From (4.4a) and (4.4b), along with the gauge conditions ∂ µ γ µν = 0, ∂ µ a µν = 0 and γ = 0, we obtain for the 2a + b = 0 case, which is different from that in TEGR.
V. CONCLUSIONS
We have presented the five-dimensional KK theory in teleparallelism including the vector A µ and scalar φ fields. The model has been generalized in a similar way as NGR with the arbitrary coefficients a, b and c. We have decomposed the terms associated with the fifth dimension from the five-dimensional Lagrangian, as explicitly shown in Appendix A. We have concentrated on the zero mode in (2.13) and found that the coupled term between the scalar derivative and torsion vector is generated after the KK reduction, which is different from the result in GR.
We have summarized the possible choices of the coefficients (a, b, c) in TABLE I for various models in the literature. To realize the Einstein-frame for the action in the four-dimensional effective action in (2.13), we have applied the conformal transformation and eliminated the gravitational non-minimal coupling terms by taking 2a + b + c = 0 with c ≤ 0. By choosing c = −1, the Einstein-frame can be joined to the one-parameter teleparallel models [7, 10, 11] . We show the decompositions of the extended five-dimensional torsion scalar as follows: 
where η55 = η55 = −1 and T NGR is defined in (2.4). 
In order to compare the Lagrangian (3.5) with (C3), we absorb the term of g µν T µ ∂ ν φ into the kinetic term of φ in (3.5). As a result, (3.5) becomes
We can use ∂ ν φ − k T ν φ + k T ν φ instead of ∂ ν φ, leading to
We also absorb the term of g µν ∂ µ ω (∂ ν − k T ν ) φ into the kinetic term ofφ as 
In order to have the conformal gauge invariance without the vector field A µ in (C7), the terms φ g µν T µ ∂ ν ω and φ g µν ∂ µ ω ∂ ν ω in (C7) need to be absence, leading to the necessary condition 1 k + 2 − 3k = 0 . 
for k = 1.
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